Abstract. In this paper, we establish a deformation theory for Dolbeault cohomology classes valued in holomorphic tensor bundles. We prove the extension equation which will paly the role of Maurer-Cartan equation. Following the classical theory of Kodaira-Spencer-Kuranishi, we show the existence of Kuranishi type spaces and construct a complete analytic family by using the power series method. We also show that the deformations of (p, q)-forms (for Kähler manifold) and vector (0, q)-forms (for Calabi-Yau manifold) are unobstructed. By analyzing Nakamura's example of complex solvable manifolds, we will see that the deformation theory developed in this work provides precise explanations to the jumping phenomenon of Dolbeault cohomology.
Introduction
The foundations of the theory of deformations of complex analytic structures on a compact complex manifold X is developed around the 1960s' mainly by Kodaira and Spencer [KS58, KS60] . In [KNS58] , Kodaira-Nirenberg-Spencer proved a fundamental existence theorem for the deformations of complex analytic structures under the assumption that H 2 (X, Θ) = 0, where Θ is the sheaf of germs of holomorphic vector fields on X. Later on, Kuranishi [Kur62] proved the theorem of existence in the full generality which states that there exists a semiuniversal family of deformations of X for any compact complex manifold X. The family of complex manifolds π : X → B thus constructed is called the Kuranishi family, and B is called the Kuranishi space of X. Note that because we are studying small deformations, only the germs of π and B are well-defined notions.
In [LSY09] , Liu-Sun-Yau pioneered the study of deformations of pluricanonical forms on the Kuranishi space in the case of Riemann surfaces. A remarkable feature of their study is the use of the extension operator and the iteration procedure to construct the deformations. By means of the extension operator, it is natural to consider the extension equation which plays the role of Maurer-Cartan equation. The iteration procedure is quite analogous to the power series method employed in the classical theory of deformations of complex structures [MK71, Kod86] . By contrast, in Griffiths' visionary work [Gri65] , a general framework has been established for the extension problem in cohomology and the existence of Kuranishi type space is proved by using the implicit function theorem. The present work is much inspired by these ideas. See also [LZ18, RZ17, RWZ16, LRY15, Sun12, Wav73] .
The main aim of this paper is to develop a deformation theory in the sense of Kodaira-Spencer for Dolbeault cohomology classes (valued in holomorphic tensor bundles) and consider some of its applications. As in the classical theory, the so-called Beltrami differential is a key player in our story. Let X be a compact complex manifold, any small deformation X t of X can be represented by a Beltrami differential φ = φ(t) ∈ A 0,1 (X, T 1,0 ) (see e.g. [Voi08, Huy05, Kur65] ), which may be viewed as a smooth bundle map φ : T 0,1 → T 1,0 , such that the Maurer-Cartan equation is satisfied:
(1.1)∂φ − 1 2 [φ, φ] = 0.
By means of the Beltrami differential φ, the extension operator ρ : A p,q (X) → A p,q (X t ) can be naturally defined as an A 0 (X)-linear isomorphism. The extension operator ρ has the property that it is compatible with the wedge product, see Section 2. As a result, we can compute an explicit formula for ρ −1∂ t ρ by using Frölicher-Nijenhuis's characterization of derivations [FN56] , where∂ t is the Dolbeault operator on X t . The extension operator can also be defined for E-valued forms, namely, ρ : A 0,q (X, E) → A 0,q (X t , E t ), where E and E t are corresponding holomorphic tensor bundles on X and X t , respectively. Given σ ∈ A 0 (X, E), the extension equation tells us when is ρσ ∈ A 0 (X t , E t ) a∂ t -closed section. In fact, we have (see Theorem 3.16) (1.2)∂ t ρσ = 0 ⇐⇒∂σ − φ|σ = 0.
The equation (1.2) is called the extension equation for the deformations of sections in A 0 (X, E). As mentioned above, (1.2) will paly the same role as the Maurer-Cartan equation (1.1). It should be pointed out that various special cases of (1.2) already appeared in previous works 1 . In fact, if E is trivial, i.e. for functions, ( The paring ·|· : A 0,k (X, T 1,0 X ) × A 0,q (X, E) → A 0,q+k (X, E) and the operator φ| are natural generalization of the Lie derivative and the Frölicher-Nijenhuis bracket. It is commonly believed that every deformation problem is controlled by a DGLA [Man05, SS12] , we find that in our case the deformation is determined by a (holomorphic family of) DGLA-module over the usual Kodaira-Spencer DGLA (A 0,• (X, T
1,0 X ),∂, [·, ·]).
Motivated by these facts, we make the following definitions (see Section 7).
Let π : (X , X) → (B, 0) be a deformation of a compact complex manifold X such that for each t ∈ B the complex structure on X t is represented by Beltrami differential φ(t) and E be a holomorphic tensor bundle on X. Given [y] ∈ H 0,q ∂ (X, E) and T ⊆ B, which is a complex subspace of B containing 0, a deformation of [y] (w.r.t. π : (X , X) → (B, 0) ) on T is a family of E-valued (0, q)-forms σ(t) such that 1. σ(t) is holomorphic in t; 2.∂ φ(t) σ(t) =∂σ(t) − φ(t)|σ(t) = 0, ∀t ∈ T ; 3. [σ(0)] = [y] ∈ H 0,q ∂ (X, E).
1 The readers should be careful of the flaws about the descriptions of extension equation in [Gri65, Ham77, Hua95] . See Remark 3.17.
If T = B holds, we say [y] has unobstructed deformation w.r.t. π. If T = B for any π, then we say [y] has unobstructed deformation. A deformation σ(t) on T is called canonical if∂ * σ(t) = 0, ∀t ∈ T . Two deformations σ(t) and σ ′ (t) of [y] on T are equivalent if [σ(t) − σ ′ (t)] = 0 ∈ H 0,q ∂ φ(t) (X, E), ∀t ∈ T .
As in the classical Kodaira-Spencer theory, a fundamental question is how to construct a complete/universal family of deformations. This is answered by the following result (see Theorem 6.9 and Theorem 7.15): Theorem 1.1. Let X be a compact complex manifold and π : (X , X) → (B, 0) be the Kuranishi family of X. Suppose E is a holomorphic tensor bundle on X and denote by H 0,q (X, E) the space of harmonic E-valued (0, q)-forms. 1. For any linear subspace V of H 0,q (X, E), there is an analytic subset B(V ) of B such that ∀σ 0 ∈ V its canonical deformation exists on B(V ) and B(V ) is maximal among those subsets which have this property. (X, E), the equivalent class of its deformations (w.r.t. any fixed small deformation of X) is unique and independent of the Hermitian metric chosen. The same is true for the analytic space B(CHy).
The existence of these spaces B(V ) was also proved by Griffiths [Gri65, Thm. 4.2]. Note that, for any [y] ∈ H 0,q ∂ (X, E), the space B(CHy) is the maximal existence domain of the deformations of [y] . On the other hand, the canonical deformation σ(t) of [y] (w.r.t. π) is constructed on B(CHy) and it may happen that σ(t) is ∂ φ(t) -exact for some t ∈ B(CHy) if q > 0. Along with the possible obstructions of deformations, these two facts are the exact reasons which cause dim H q (X t , E t ) to jump, see Section 9 for concrete examples. In fact, Theorem 1.1 has the following immediate consequence (see Definition 6.7 for the definition of f t ): Corollary 1.2. Let X be a compact complex manifold and set B ′ = B(H 0,q (X, E)), then 1. B ′ = B if and only if dim H q (X, E) = dim H q (X t , E t ) + dim ker f t for any t ∈ B;
2. dim H q (X, E) is a deformation invariant if and only if B ′ = B and dim ker f t = 0 for any t ∈ B; 3. If H 1 (X, E) = 0, then dim H 0 (X, E) is a deformation invariant.
A celebrated theorem proved by Siu [Siu02] says that the plurigenera is a deformation invariant for complex projective algebraic manifolds. Combining this with Corollary 1.2 we see that the deformations of pluricanonical forms are unobstructed for algebraic manifolds. On the other hand, it is also conjectured by Siu [Siu04] that the plurigenera is a deformation invariant for compact Kähler manifold. It is proposed by Liu-Zhu that we can approach Siu's conjecture by using the iteration method [LZ18, Sec. 6]. Corollary 1.2 shows that in order to solve Siu's conjecture we only need to prove that the deformations of pluricanonical forms on a compact Kähler manifold are unobstructed.
Recently, Rao-Zhao [RZ17] showed that the deformation of holomorphic p-forms is unobstructed assuming a weak form of the ∂∂-lemma. We will show that the deformations of (p, q)-forms (for Kähler manifold) and vector (0, q)-forms (for CalabiYau manifold) are unobstructed by solving the extension equation inductively (see Theorem 8.1 and Theorem 8.4). In fact, for Kähler manifolds we have the following Theorem 1.3. Let X be a compact Kähler manifold, then the deformations of (p, q)-forms on X are unobstructed and f t :
As to obstructed deformations, we will study the examples provided by Nakamura [Nak75] in Section 9. We show that the Hodge number decreases at X t if and only if either there are nontrivial obstructions or dim ker f t > 0. This gives a precise explanation to the jumping phenomenon, see [Ye08, Ye10, Wav73, Kle71] for related works on this topic. Note that the techniques developed in this paper provide a new method to compute the Dolbeault cohomology for small deformations of compact complex manifolds. Compare [AK17] .
The extension operator and its inverse
In this section we review some basic properties of the extension operator and its inverse operator. Let π : X → ∆ k be an analytic family of compact complex manifolds (i.e. a proper surjective holomorphic submersion between complex manifolds) of dimension n over the unit polydisc ∆ k in C k with fiber X t = π −1 (t), where t = (t 1 , · · · , t k ) ∈ ∆ k . By Ehresmann theorem, X is diffeomorphic to X 0 × ∆ k , in particular, X t is diffeomorphic to X 0 , ∀t = (t 1 , · · · , t k ) ∈ ∆ k . Each fiber X t is then regarded as a deformation (of complex structure) with respect to X 0 . For sufficiently small t, a deformation X t is represented by the Beltrami differential φ := φ(t) ∈ A 0,1 (X 0 , T 1,0 ) which may be defined as
where z 1 , · · · , z n and w 1 , · · · , w n are holomorphic coordinates on X 0 and X t , respectively. Indeed, we have
where 1 denote the identity operator. For any vector forms such as the Beltrami differential φ, we can associate an operator i φ which is a derivation on the exterior algebra
where ' ' denotes the contraction operation (the operator ∂ ∂z α • is also called the interior derivative in the literature). We easily see that (i φ ) n+1 = 0 so that e i φ :=
is a well-defined operator. Since e i φ e −i φ = e −i φ e i φ = e 0 is the identity operator, e −i φ is the inverse operator of e i φ . The extension operator (from X 0 to X t ) is defined [RZ17] as follows:
where
The operators e i φ and e iφ are compatible with the wedge product, namely, e i φ (ϕ ∧ ψ) = e i φ ϕ ∧ e i φ ψ and e iφ (ϕ ∧ ψ) = e iφ ϕ ∧ e iφ ψ for any ϕ, ψ ∈ A(X 0 ).
Proof. We will prove this only for e i φ , the proof for e iφ is similar. First, by the definition of i φ and the derivation property of the interior derivative, we easily see that i φ is a derivation of degree 0 on A(X 0 ). Hence
where 2n j are the binomial coefficients. Now sum all these up and remember that i n+1 φ = 0, we get
Lemma 2.2. The extension operator ρ : A(X 0 ) → A(X 0 ) is compatible with the wedge product, namely, ρ(ϕ ∧ ψ) = ρϕ ∧ ρψ for any ϕ, ψ ∈ A(X 0 ).
Proof. Without loss of generality, we may assume ϕ ∈ A p,q (X 0 ) and ψ ∈ A r,s (X 0 ). Because ρ is A 0 (X 0 )-linear, we may further assume that ϕ = dz I ∧ dz J and ψ = dz K ∧ dz L with |I| = p, |J| = q, |K| = r, |L| = s. Then by Lemma 2.1, we have
Since i 2 φ = i 2 φ = 0 on A 1 (X 0 ), it follows from Lemma 2.1 that
(2.4)
Note that this identity can also be obtained by direct computation, and then Lemma 2.1, 2.2 may be derived from this identity. Now, from (2.2) and (2.4) we see that the forms (e i φ dz I ) ∧ (e iφ dz J ) I,J is a local basis of A p,q (X t ), so ρ is an isomorphism.
We can characterize the extension map as follows:
The extension operator ρ : A(X 0 ) → A(X 0 ) is the unique map on A(X 0 ) such that 1. it is compatible with the wedge product. 2. its action on arbitrary 1-form ξ ∈ A 1 (X 0 ) is given by (1 + i φ + iφ)ξ.
Proof. This follows immediately from Lemma 2.2 and (2.4).
Because 1 + i φ + iφ is a real vector form, we see that ρ is a real operator and so it can act on A(X t ), ∀t ∈ ∆ k . Let ρ 01 , ρ 12 and ρ 02 be the extension operators from X 0 to X t 1 , X t 1 to X t 2 and X 0 to X t 2 , respectively. It would be nice if the extension operators satisfy the composition law, that is, ρ 12 ρ 01 = ρ 02 . Unfortunately, this is not the case in general. Furthermore, the inverse of the extension operator from X 0 to X t does not coincide with the extension operator from X t to X 0 . This can be seen from the following Proposition 2.4. Let ρ −1 be the inverse of the extension operator from X 0 to X t . Then ρ −1 is the unique map on A(X 0 ) such that 1. it is compatible with the wedge product. 2. its action on an arbitrary 1-form ξ ∈ A 1 (X 0 ) is given by (i ψ + iψ)ξ, where
Proof. Since ρ is compatible with the wedge product it is clear that ρ −1 is also compatible with the wedge product. Then ρ −1 is uniquely determined by its action on A 1 (X 0 ). From the fact that ρdz i = (1 + i φ )dz i and ρdz i = (1 + iφ)dz i , we have ρ −1 dw i = (1 − i φ )dw i and ρ −1 dw i = (1 − iφ)dw i , where, as usual, z 1 , · · · , z n and w 1 , · · · , w n are holomorphic coordinates on X 0 and X t , respectively. By (2.2), we have
If we set ψ =
Remark 2.5. Note that if we set ψ ′ = ∂w i ∂z α dz α ⊗ ∂ ∂w i , then the action of ρ −1 on A 1 (X 0 ) is given by 1 − i ψ − iψ′ . Let τ be the Beltrami differential of X 0 with respect to X t and ρ t0 be the extension operator from X t to X 0 , we have
Extension equations
In this section, we will derive extension equations which will be fundamental for our deformation theory. First, we recall some basic facts about derivations. See [KMS93, FN56] and [Xia18] for more details.
3.1. Derivations and bracket operations on a real manifold. Let M be a smooth manifold of dimension n,
With respect to this bracket operation, the space of all derivations D(M ) = k D k (M ) becomes a graded Lie algebra.
3.1.1. The interior derivative and Lie derivative. For a vector valued (k + 1)-form K ∈ A k+1 (M, T M ), we can associate a derivation i K of degree k by setting i K ϕ := ξ ∧ (i X ϕ) , if K = ξ ⊗ X for a (k + 1)-form ξ and a vector field X, where ϕ ∈ A(M ). Let d be the exterior derivative on M , then the Lie derivative is defined as 
3.2. Derivations conjugated by the extension operator. Now we come back to the setting of Section 2. Let π : X → ∆ k be an analytic family of compact complex manifolds of dimension n over the unit polydisc ∆ k in C k with fiber X t = π −1 (t), where t = (t 1 , · · · , t k ) ∈ ∆ k . Note that, by extending C-linearly, all the constructions in previous subsections can be applied for complex manifolds. A bigraded derivation
. We make the following observations:
Proof. This follows immediately from the definitions and the fact that both ρ −1 and ρ are compatible with the wedge product (Lemma 2.2 and 2.4).
Proof. We will only prove (1) since the proof of (2), (3), (4) are similar. Indeed, we note that L 0,1
We therefore have L = −∂K.
Proof. By (3.2) and Lemma 3.2, we have
By comparing the bidegree, (1) follows. For (2), by applying the Jacobi identity and Lemma 3.2, we have
The following local computation will be useful:
Lemma 3.4. For any t ∈ ∆ N , let∂ t be the Dolbeault operator on X t . Set
Proof. It follows from Proposition 2.3, 2.4 and (2.2) that:
We note that
and so
It follows form (3.4) that
Remark 3.5. Similar computation shows that
Now we derive explicit formulas for ρ −1∂ t ρ and ρ −1 ∂ t ρ:
Theorem 3.6. Let d = ∂ +∂ = ∂ t +∂ t , where∂ and∂ t are the Dolbeault operator on X 0 and X t , respectively. Set
Remark 3.7. Since ξ α transform as a (1, 0)-form under coordinate transformation of X 0 , it can be checked easily that the three vector formsξ α∂ α , φ α βξ β ∂ α and φ α β ∂ξ β ∂ α are all globally defined and independent of the coordinates chosen.
Proof. We only need to prove (3.6), since (3.7) is the complex conjugation of (3.6). First, by Lemma 3.1, we know that ρ −1∂ t ρ is a bigraded derivation of bidegree (0, 1).
is an algebraic derivation. Indeed, ∀f ∈
where we have used the factη α = −φ α βξ β (see the proof of Lemma 3.4). Then the
is also algebraic and must be of the form i µ for some µ ∈ A 2 (X 0 , T X 0 ). We are left to show that µ ∈ A 0,2 (X 0 , T 0,1 ). Indeed, by Lemma 3.4, we have
Remark 3.8. By using (3.5), one can show that locally
It can be checked that the vector form on the right hand side does not depend on the coordinates z 1 , · · · , z n on X 0 . But unfortunately, it does depend on the coordinates w 1 , · · · , w n on X t .
Remark 3.9. This Theorem was previously proved by using (3.1). Namely, we first determine
t ρ is an equality of bigraded derivations on A(X 0 ), decompose each term in the left hand side according to their bidegrees and we will get the desired results.
3.3. The case of tensor products of holomorphic exterior bundle. Let π : X → ∆ k be an analytic family of compact complex manifolds of dimension n over the unit polydisc ∆ k in C k with fiber X t = π −1 (t), where
Xt . Given a smooth global section σ of the bundle ∧ q T * 0,1
, and ϕ α 1 ···αm are (0, q)-forms. The extension operatorρ can be similarly defined in this case:
It can be checked easily thatρ :
is a well-defined operator.
3.3.1. Operators on tensor products. Let E be a holomorphic vector bundle on X = X 0 , the Dolbeault operator∂ can be naturally defined on A 0,q (X, E) such that
In fact, given s ∈ A 0,q (X, E), we can write s = s α e α in terms of a holomorphic frame {e α }, and define (3.8)∂s :=∂s α ⊗ e α .
It can be checked that this definition does not depend on the holomorphic frame chosen [GH94] . If we write s = s ′ α e ′ α where {e ′ α } is merely a smooth frame, then we would have∂
α is defined by (3.8). Motivated by this observation, we now extend the definition of the operators in previous sections to holomorphic tensor bundles and prove a bundle version of Theorem 3.6. Consider the Lie derivative L 0,1
, locally we write σ = ϕ α 1 ···αm ⊗ e α 1 ⊗ · · · ⊗ e αm as above and defineL 0,1
Proof. We will only prove this in the case
, where K X 0 is the canonical line bundle on X 0 , because the general case are essentially the same. Indeed, let
), locally we write σ = ϕ ⊗ e ⊗ e in terms of the local frame e of K X 0 . Let e ′ be another local frame and e = ge ′ where g is a nonvanishing smooth function, then if σ = ϕ ′ ⊗ e ′ ⊗ e ′ , we have ϕ ′ = g 2 ϕ and
This shows that the definition ofL
K does not dependent on the local frame chosen.
), we define the operatorsL
2 as in (3.9). In other words, we havẽ
It can be checked similarly as above thatL
Theorem 3.11. Let∂ and∂ t be the Dolbeault operator on E 0 and E t , respectively. Then we have
, we have IL = iL, that is, IL acts only on the coefficients of E-valued forms.
Proof. Given σ ∈ A 0,q (X 0 , E 0 ), locally we write σ = ϕ α 1 ···αm ⊗ e α 1 ⊗ · · · ⊗ e αm , then we havẽ
As for the second assertion, we assume for simplicity that the holomorphic tensor bundle E 0 is the pluricanonical bundle K m X 0 (the general case can be proved in the same way). So let σ ∈ A 0 (X 0 , K m X 0 ), locally we can write σ = ϕ ⊗ e ⊗ · · · ⊗ e where e = dz 1 ∧ · · · ∧ dz n . Then direct computation shows that
But we note that Remark 3.12. Notice that we do not need an analytic family of complex manifolds in applying Theorem 3.11, all we need is a complex manifold X and its small deformation X t whose complex structure is represented by a Beltrami differential φ ∈ A 0,1 (X, T 1,0 X ). 3.4. The case of holomorphic tangent bundle. Now since
we define the extension operator, still denoted by ρ by abuse of notations, as follows
From the definition of the Beltrami differential (2.1), it is easy to see that for any smooth function f on X,
∂z γ ∂w i . Similar to Lemma 3.4, we have the following Lemma 3.13. For any t ∈ ∆ N , let∂ t be the Dolbeault operator on X t . Set
Proof. It follows from (3.12) and (3.13) that:
Theorem 3.14. Let∂ and∂ t be the Dolbeault operator on X and X t , respectively. Then we have
In particular, for σ ∈ A 0 (X, T 1,0 Proof. Given σ ∈ A 0 (X, T 1,0 X ), locally we write σ = σ α ∂ ∂z α , then by using (3.12) and Lemma 3.13 we have
3.5. The case of general holomorphic tensor bundle.
Definition 3.15. By a holomorphic tensor bundle on a complex manifold X, we mean a holomorphic vector bundle formed by the tensor products or exterior products from the tangent bundle T 1,0 X and its dual Ω X = T 1,0 * X . In previous subsections, we have derived extension equations for two special kinds of holomorphic tensor bundles. In this subsection, we will show that it is possible to integrate these extension equations to get a general form of extension equation which works for arbitrary holomorphic tensor bundles. First, the extension operator can be defined for any holomorphic tensor bundle E, e.g., if E = T 1,0
, we define the extension operator, still denoted by ρ by abuse of notations, as follows
where σ αβγ are local (0, q)-forms and s γ are local frame of Ω p X . The extension operator for general holomorphic tensor bundle is defined in a similar way. As a result, we get the following commutative diagram
where E t is the corresponding holomorphic tensor bundle on X t . Let φ ∈ A 0,k (X, T 1,0 X ), we define a operator φ| as follows:
It follows directly form the definition of the Frölicher-Nijenhuis bracket that for any ϕ ∈ A 0,p (X), we have
Hence, by letting the operator φ| satisfy the Leibnitz's rule (as in (3.9)), we get a natural paring
We remark that by Leibnitz's rule, to show the paring ·|· satisfy some property it is enough to prove this when E = T 1,0
In particular, for φ ∈ A 0,1 (X, T 1,0
Theorem 3.16. Let∂ and∂ t be the Dolbeault operator on X and X t , respectively. Then we have
In particular, for σ ∈ A 0 (X, E), ρσ ∈ A 0 (X t , E t ) is∂ t -closed if and only if
Proof. This follows immediately from the proofs of Theorem 3.11 and Theorem 3.14.
Remark 3.17. Let P : A 0,q (X, E) → A 0,q (X t , E t ) be the operator induced by projection [Ham77, Hua95] , for example,
In [Ham77, Hua95] , it was "proved" that
In fact, it can be checked as Lemma 3.13 that (3.23) holds when q = 0. But we will see that (3.23) does not hold in general when q = 1. We consider the case A 0,q (X). We have
therefore, (3.23) holds for q = 1 if and only if
where z 1 , · · · , z n and w 1 , · · · , w n are holomorphic coordinates on X 0 and X t , respectively.
It can be checked that 
we mean a complex (V, d V ) together with a bilinear paring
A DGLA-module will be denoted by (V, d V , ·, · ).
Let X be a complex manifold and X t a small deformation (of X) whose complex structure is represented by a Beltrami differential φ ∈ A 0,1 (X, T 1,0 X ). For any holomorphic tensor bundle E on X, consider the following operator
We have the following observation:
In other words,
X is a standard fact while the case E = Ω X follows from Lemma 3.3, (2). Given σ ∈ A 0,• (X, E), we havē 
and we call H 0,q ∂ φ (X, E) the deformed Dolbeault cohomology group.
Extension isomorphism.
In this subsection, we show that there is a natural isomorphism between the cohomology of the complex (A 0,• (X, E),∂ φ ) and (A 0,• (X t , E t ),∂ t ), where E t is the corresponding holomorphic tensor bundle on X t . First note that the operator∂ φ =∂ − φ| on X corresponds to the Dolbeault operator∂ t on X t and so they share many of the same properties. We fix the following notations:
• E φ := the sheaf of germs of∂ φ -closed sections of E ;
• A 0,q (E φ ) := the sheaf of germs of∂ φ -closed E-valued (0, q)-forms ; • E t := the sheaf of germs of∂ t -closed sections of E t ;
• A 0,q (E t ) := the sheaf of germs of∂ t -closed E t -valued (0, q)-forms . Let M be the underlying smooth manifold of X and X t , then we can regard all these as sheaves on the same manifold M . We have the following important observation: Theorem 4.3. As sheaves on M , there is a canonical isomorphism
Proof. For any open subset U of M , the canonical isomorphism is given by the extension operator
Theorem 4.4. The∂ φ -Poincaré lemma holds, namely, there is a exact sequence of sheaves:
In particular, we have the deformed Dolbeault isomorphism
and the extension isomorphism
Proof. The∂ φ -Poincaré lemma follows from the the∂ t -Poincaré lemma. In fact, by induction the general∂ φ -Poincaré lemma can be reduced to the one variable case and it suffices to prove it for (0, 1)-forms (see e.g. 
Deformations of holomorphic sections
In this section, we consider a special case of the deformations of Dolbeault cohomology classes, i.e. the deformations of holomorphic sections. Since we want to use the power series method, we need to work with the Kuranishi family. But this will not cause any restrictions because the Kuranishi family contains all small deformations of the given complex manifold. In this paper, we will basically follow the terminology as given in [Cat13] . Thus a deformation of a compact complex space X is a flat proper morphism ̟ : (Y, Y s 0 ) → (D, s 0 ) between connected complex spaces with Y s 0 := ̟ −1 (s 0 ) ∼ = X and a germ of deformation is called a small deformation. It is also customary to call the fibers of ̟ small deformations of X. We will also employ this convention frequently in this paper.
5.1. The Kuranishi family. Let X be a compact complex manifold equipped with an auxiliary Hermitian metric. The Kuranishi family of X is the unique (up to isomorphism) semiuniversal small deformation π : X → B with π −1 (0) = X 0 ∼ = X, where 0 ∈ B. The Kuranishi family π : (X , X) → (B, 0) can be constructed as follows:
Let η 1 , · · · , η r be a basis of H 0,1 (X, Θ), where H 0,1 (X, Θ) ⊂ A 0,1 (X, Θ) is the harmonic space of (0, 1)-forms with values in Θ, the holomorphic tangent bundle of X, and r = dim H 0,1 (X, Θ) = dim H 1 (X, Θ). Let φ(t) = ∞ µ=1 φ µ (t), where
and each φ ν 1 ···νr ∈ A 0,1 (X, Θ). It can be shown that the following equation
has a unique power series solution φ(t) = Note that the Kuranishi space B is a complex analytic subset around the origin in C r and 0 ∈ B since φ(0) = 0 . We can put a natural complex analytic space structure X on X × B such that 1. π : X → B is a flat proper morphism between complex analytic spaces; 2. each fiber X t = π −1 (t) is the complex manifold obtained by endowing X t with the complex structure defined by φ(t) and X 0 = X. For more information about the Kuranishi family, we refer the reader to [Cat88, Cat13, Bal10, MK71] . In this section and the following sections, we will make the following convention on our notations. Let π : (X , X) → (B, 0) be the Kuranishi family of X, we will denote a holomorphic tensor bundle on X by E and for any t ∈ B, E t is the corresponding holomorphic tensor bundle on on X t = π −1 (t).
5.2.
The case H 1 (X, E) = 0. We will use the following basic estimate:
Lemma 5.1. [MK71, pp. 160] Let ϕ ∈ A 0,q (X, E) and G : A 0,q (X, E) → A 0,q (X, E) be the Green operator, then for k ≥ 2 we have
where C > 0 is independent of ϕ and · k+α is the Hölder norm.
Theorem 5.2. Let X be a compact complex manifold and π : X → B be the Kuranishi family of X with π −1 (0) = X 0 = X. Assume that H 1 (X, E) = 0. Then given any σ 0 ∈ H 0 (X, E), there exists a canonical family of holomorphic sections given by
Proof. The proof of this Theorem will be consist of three parts: existence, convergence and regularity. Existence: given σ 0 ∈ H 0 (X, E), we want to find a power series σ(t) = k≥0 σ k t k such that ρσ(t) ∈ A 0 (X t , E t ) is∂ t -closed which by Theorem 3.16 is equivalent to (5.5) (∂ − φ|)σ(t) = 0 .
Since φ = φ(t) = ∞ µ=1 φ µ (t) is a power series in t, by decomposing φ| = φ(t)| and σ(t) according to their degrees in t, (5.5) is reduced to the following system of equations (for simplicity, we assume r = 1) :
We will solve (5.6) by induction. Indeed, for k = 0, (5.6) already has a solution σ 0 . We therefore assume (5.6) can be solved for k < N and our aim is to find σ N ∈ A 0 (X, E) such that
This equation can be solved by using Hodge theory after we have checked that
In fact, if (5.8) holds , then by Hodge theory, we have
where H : A 0,1 (X, E) → H 1 (X, E) is the projection to harmonic space and G : A 0,1 (X, E) → A 0,1 (X, E) is the Green operator. But our assumption H 1 (X, E) = 0 implies H
N j=1L
1,0 φ j σ N −j = 0. Hence we find a canonical solution of (5.7) given by
Now we check (5.8). Note that the Maurer-Cartan equation (5.2) is now reduced to
By (4.1),(3.19), (5.6) and (5.11), we havē
The proof of existence is complete. Convergence: we note that for any ψ ∈ A 0,1 (X, Θ), σ ∈ A 0 (X, E) and ϕ ∈ A 1 (X, E), it follows from the definition of Hölder norm · k+α that (5.12) ψ|σ k+α ≤ C 1 ψ k+1+α σ k+1+α , and (5.13)
where C 1 is independent of ψ, σ and C 2 > 0 is independent of ϕ. It follows from Lemma 5.1 that (5.14)
Then the convergence of σ(t) = j≥0 σ j t j follows from a standard argument [MK71, Kod86] which we omit. Regularity: from the convergence of σ(t) = j≥0 σ j t j in the Hölder norm · k+α for k ≥ 2 we know that σ(t) is at least C 2 on X. The smoothness of σ(t) follows from the hypoellipticity of the operator∂ t . Indeed, ρσ(t) is a harmonic section since it is both∂ t -closed and∂ * t -closed.
Remark 5.3. The reason that we restrict ourself to the study of deformations of holomorphic sections for the Kuranishi family is that in this case the Beltrami differential is given canonically by φ(t) = φ k t k with φ k = 1 2∂ * G i+j=k [φ i , φ j ] and we really need to use this canonical form of φ(t) in the proof of the convergence of σ(t) = j σ j t j . Note also that for any given σ 0 ∈ H 0 (X, E) and t ∈ B, the power series σ(t) = k σ k t k given by σ k =∂ * G i+j=k φ j |σ i always converges even without the condition H 1 (X, E) = 0.
Deformation of Dolbeault cohomology classes
6.1. The case H q+1 (X, E) = 0. Following [MK71, pp. 161-165], we first show the following Proposition 6.1. 1. ∀σ ∈ A 0,q (X, E), if∂ φ σ =∂σ − φ|σ = 0 and∂ * σ = 0, then we must have σ = Hσ +∂ * G φ|σ ,
where H : A 0,q (X, E) → H 0,q (X, E) is the projection operator to harmonic space. 2. The equation
has a unique (formal) power series solution σ = σ(t) = k σ k t k ∈ A 0,q (X, E) which converges for |t| small, where σ k ∈ A 0,q (X, E).
Proof. The first assertion follows from the Hodge decomposition:
For the second assertion, substitute σ = σ(t) = k σ k t k in (6.1), we have (for simplicity, we assume r = 1)
For the convergence of σ(t), we note that
for some constant C depends only on k and α.
Proposition 6.2. Let σ be a solution of the equation (6.1) in Proposition 6.1. Then ∀t ∈ B, we have∂ σ = φ(t)|σ ⇔ H φ(t)|σ = 0, where H : A 0,q+1 (X, E) → H 0,q+1 (X, E) is the projection operator to harmonic space.
Proof. First, if∂σ = φ(t)|σ , then it is clear that H φ(t)|σ = 0. On the other hand, assume H φ(t)|σ = 0 and set
It follows from (3.20) and (6.1) that
It follows that
where C depends only on k and α. Now choose |t| so small that C φ(t) k+α < 1, then we get ψ(t) k+α < ψ(t) k+α which is a contradiction if ψ(t) = 0. So we must have ψ(t) = 0 whenever |t| is small enough.
Theorem 6.3. Let X be a compact complex manifold and π : X → B be the Kuranishi family of X with π −1 (0) = X 0 = X. Assume that H q+1 (X, E) = 0. Then given any σ 0 ∈ H 0,q (X, E), there exists a canonical family of∂ φ -closed E-
Proof. It follows from the assumption H q+1 (X, E) = 0 and Proposition 6.2 that the power series σ(t) = k σ k t k is∂ φ -closed. We are left to show that σ(t) is smooth. Indeed, from the convergence of σ(t) = k σ k t k in the Hölder norm · k+α for k ≥ 2 we know that σ(t) is at least C 2 on X. Let be the∂-Laplacian operator, it follows from (6.1) and Hodge theory that
Since σ(t) is holomorphic in t, we see that σ(t) satisfies the following equation:
It is easy to see that (6.6) is quasi-linear elliptic and its coefficients are smooth. By a well-known regularity theorem, we conclude that σ(t) is smooth on X. Alternatively, we may conclude the smoothness by noting that the coefficients of σ(t) (in a local frame) is holomorphic with respect to the complex structure of X t .
6.2. Deformation of Dolbeault cohomology classes: the general case. Let π : (X , X) → (B, 0) be the Kuranishi family of X such that for each t ∈ B the complex structure on X t is represented by Beltrami differential φ(t) and E be a holomorphic tensor bundle on X. First, we observe that the operator∂ φ =∂ − φ| is, like the operator∂, an elliptic differential operator of degree 1. This follows from the fact that∂ is elliptic and φ = φ(t) represent a small deformation. As a result, if we set (6.7)
It can be shown as usual that [MK71]
• k are the Sobolev norms, k ≥ 2n + 2 and we assume φ k , φ k+1 and φ k+2 is small. Lemma 6.4. The natural map
is an isomorphism.
Proof. First by Hodge decomposition for∂, we have the following orthogonal decomposition
and Im∂ φ(t) = Im∂ ∩ Im∂ φ(t) ⊕ ker∂ * ∩ Im∂ φ(t) .
3 We omit ∩A 0,q (X, E) to simplify the notations.
It is easy to see that Im∂ ∩ ker∂ φ = Im∂ ∩ Im∂ φ . Indeed, consider the following orthogonal decomposition
then we have
and
But since φ(0) = 0 and by the upper semi-continuity theorem of Kodaira-Spencer, we have dim Im∂ ∩ H φ(t) ≤ dim Im∂ ∩ H = 0.
Proposition 6.5. For any fixed σ 0 ∈ H 0,q (X, E), the equation
has an unique solution given by σ = k σ k t k and σ k =∂ * G i+j=k φ i |σ j , for |t| small.
Proof. By the second part of Proposition 6.1, it suffice to prove the uniqueness. Let σ and σ ′ be two solutions to σ = σ 0 +∂ * G φ(t)|σ and set τ = σ − σ ′ . Then τ =∂ * G φ(t)|τ and so by Lemma 5.1, we have (6.9) τ k+α ≤ c φ(t) k+α τ k+α , for some constant c > 0. When |t| is sufficiently small, φ(t) k+α is also small. Hence we must have τ = 0.
Definition 6.6. For any t ∈ B and a vector subspace V = C{σ 1 0 , · · · , σ N 0 } ⊆ H 0,q (X, E), we set
Note that V t consists of those vectors of the form l a l σ l 0 such that the coefficients a l satisfy the following linear equation:
where σ l (t) = k σ l k t k with σ l k =∂ * G i+j=k φ i |σ l j , ∀k = 0. We see that V t is a vector subspace of V and varies with t.
Definition 6.7. In view of Lemma 6.4, we set
Proof. By Proposition 6.1 and Proposition 6.5, The map
For V = H 0,q (X, E), we see that an immediate consequence of Proposition 6.8 is
for any t ∈ B.
Theorem 6.9. Let X be a compact complex manifold and π : (X , X) → (B, 0) be the Kuranishi family of X.
Then we have
In particular, we have
Proof. First, let α 1 , · · · , α d be a basis of the harmonic space H q+1 (X, E) , then ∀l = 1, · · · , N , we have
where < ·, · > is the inner product on the space A q+1 (X, E). Set a lq (t) :=< φ(t)|σ l (t) , α q > .
Because both φ = φ(t) and σ l (t) are analytic in t, we have that each a lq is holomorphic in t and so
is an analytic subset of B.
Next note that by Proposition 6.2
So (6.10) follows from the fact that dim
(X, E) is surjective by Proposition 6.8. Hence (6.11) follows from
Note that the definition of B(V ) depends only on the vector subspace V ⊆ H 0,q (X, E) and the holomorphic tensor bundle E. It does not depend on the choice of the basis σ 1 0 , · · · , σ N 0 of V . It turns out that B(V ) does not depend on the choice of the Hermitian metric on X either, see Theorem 7.15.
Corollary 6.10. Let X be a compact complex manifold, then 1. B ′ = B if and only if dim H q (X, E) = dim H q (X t , E t ) + dim ker f t for any t ∈ B; 2. dim H q (X, E) is a deformation invariant if and only if B ′ = B and dim ker f t = 0 for any t ∈ B; 3. If H 1 (X, E) = 0, then dim H 0 (X, E) is a deformation invariant.
Universal property for the canonical deformation
Let π : (X , X) → (B, 0) be a deformation of a compact complex manifold X such that for each t ∈ B the complex structure on X t is represented by Beltrami differential φ(t) and E be a holomorphic tensor bundle on X (see Definition 3.15). In this and the following sections, we will always assume X has been equipped with a fixed Hermitian metric . We introduce the following definitions:
If there exists σ(t) ∈ A 0,q (X, E)[[t]] (i.e. a formal power series) such that 2., 3. are satisfied formally, then we call σ(t) a formal deformation of [y]. Two deformations σ(t) and σ ′ (t) of [y] on T are equivalent if
We say Remark 7.2. We see that the case q = n is trivial by definition since any E-valued (0, n)-form σ 0 automatically has a deformation given by σ(t) := σ 0 .
Lemma 7.4. For any small deformation π : (X , X) → (B, 0) and any
Proof. Let σ(t) be a deformation of [y] on T , then it follows from the first assertion of Proposition 6.1 that
The same proof as in Proposition 6.5 shows that such σ(t) is unique for |t| small. 
and the fact Im∂ ∩ ker∂ φ = Im∂ ∩ Im∂ φ (see the proof of Lemma 6.4) that
is the canonical deformation of [y] on T and σ ′ (t) is equivalent to σ(t).
It follows from Lemma 7.5 that if there is a deformation of [y] ∈ H 0,q ∂ (X, E) on T , then the canonical deformation of [y] must exist on T .
where h is a holomorphic map with h(
such that the following diagram commutes:
where ψ(s) is the Beltrami differential of Y s with respect to Y s 0 . Furthermore, if σ(t) is canonical then its pullback τ (s) = Φ * s 0 σ(h(s)) is also canonical. Proof. We need to show that (7.1) is a commutative diagram-pullback which amounts to prove the following diagram commutes:
Indeed, let z 1 , · · · , z n be holomorphic coordinates on X, then z
then it is easy to see that Φ * s 0 (φ(h(s))) = ψ(s). Hence, we have (7.3) (Φ *
is holomorphic in s since h is so. Secondly, it follows from (7.3) that
Next, if σ(t) is canonical, we equip Y s 0 the Hermitian metric induced by Φ s 0 and the Hermitian metric on X such that Φ s 0 : Y s 0 → X becomes a biholomorphic isometry. It follows that (Φ *
and so∂ * Ys 0
be a small deformation of the compact complex manifold X which is realised as the pullback of the Kuranishi family π : X → B with the following commutative diagram: 
where A 0,q (Y 0 , E 0 ){s} denote the space of convergent power series in s with coefficients
Definition 7.9. Set
where τ (s) is the power series in Definition 7.8. By Lemma 7.5, f s is well-defined.
Similar to Proposition 6.8, we have
Proof. It is enough to show the following commutative diagram:
where t = h(s). The conclusion then follows from Proposition 6.8. We first show V ̟ s = Φ * 0 (V t ). Indeed, it follows from Lemma 7.5 that
and the latter is easily seen to be identical to Φ * 0 (V t ) by Proposition 6.1. Next, given Hy ∈ V t it follows from Lemma 7.5 that the pull-back h * σ(t) is equivalent to τ (s), where σ(t) = f t (Hy) and τ (s) = f s (Φ * 0 Hy), which means
Proof. It follows from Proposition 7.10 and Proposition 6.8 that
Remark 7.12. This result can also be shown by observing that the natural map
is an isomorphism, see the proof of Lemma 6.4. 
where b k is the k-th Betti number of X. Hence, a direct consequence of Proposition 7.11 is that the set S = {s ∈ D | the Fröhlicher spectral sequence on Y s degenerates at E 1 } 4 In fact, a more general result of this type holds, see [GR84, pp. 210] .
is an analytically open subset (i.e. complement of analytic subset) of D. In particular, if D is a small open disc in the complex plane with 0 ∈ D and S is not empty then we have S = D or S = D \ {0} which corresponds to the fact that degeneration at E 1 of the Fröhlicher spectral sequence is a deformation open property but not a deformation closed property (in the sense of Popovici [Pop14] ). In fact, the Iwasawa manifold provides explicit example for the later phenomenon (see Remark 9.3), see also [ES93, AK17] .
For applications, it will be convenient to have a version of Theorem 6.9 for arbitrary deformation of complex structures. In fact, the following result holds:
Theorem 7.14. Let ̟ : (Y, Y 0 ) → (D, 0) be a small deformation of the compact complex manifold X which is realised as the pullback of the Kuranishi family π : X → B with the following commutative diagram:
where Φ * −1 0
Proof. For (7.5), by Theorem 6.9 and the commutative diagram (7.4) in Proposition 7.10, we have
(7.6) follows from (7.5) and Proposition 7.10.
We summarise the following universal property of the canonical deformation:
be a small deformation of the compact complex manifold X which is realised as the pullback of the Kuranishi family π : X → B with the following commutative diagram: Proof. 1. First, given s ∈ S we will get a canonical deformation σ(t) of [y] ∈ H 0,q ∂ (X, E) in view of the commutative diagram (7.4) and we must have t = h(s) ∈ B(CHy) by Theorem 6.9. Therefore we have S ⊆ h −1 (B(CHy)). 2. It is enough to show the canonical deformation w.r.t. to the Kuranishi family π : X → B is independent of the Hermitian metric chosen. Indeed, consider the following commutative diagram:
where in the left hand side X is equipped with the Hermitian metric h ′ and in the right hand side the metric is h. Let σ h ′ (t) be the canonical deformation (with the metric h ′ ) of [y] on B(CH h ′ y) and σ h (t) be the canonical deformation (with the metric h) of [y] on B(CH h y). Then by Lemma 7.5 and 1., σ h ′ (t) is equivalent to σ h (t) on B(CH h y) and B(CH h ′ y) ⊆ B(CH h y). Exchange the role of h ′ and h, we conclude that B(CH h ′ y) = B(CH h y). 
The inequality (7.8) then follows from (7.7) and the fact that dim H q (Y s , E s ) + dim ker f s = dim V ̟ s , ∀s ∈ D. Corollary 7.17. The following statements are equivalent:
1. The deformations of E-valued (0, q)-forms on X are unobstructed; 2. The deformations of E-valued (0, q)-forms on X are canonically unobstructed;
Proof. It follows form Proposition 6.2 and Theorem 6.9 that 2. and 3. are equivalent. By Corollary 6.10, 3. and 4. are equivalent. So it is left to show 1. and 2. are equivalent. 
where σ(t) = σ(h(s)) is the canonical deformation of [y] ∈ H 0,q ∂ (X, E) and ρ is the extension isomorphism.
. Now the assertion follows from Proposition 7.10.
Unobstructed deformations for Kähler manifolds and Calabi-Yau manifolds
8.1. Deformations of (p, q)-forms on Kähler manifolds. Recall that we say a complex manifold X satisfy the ∂∂-lemma if ∀p, q ≥ 0 and ∀σ ∈ A p,q (X) with dσ = 0, we have
Such a complex manifold X is usually called a ∂∂-manifold. In particular, a compact Kähler manifold is a ∂∂-manifold [GH94, Huy05] .
Theorem 8.1. Let X be a compact ∂∂-manifold, then the deformations of (p, q)-forms on X are formally unobstructed. If X is a compact Kähler manifold, then the deformations of (p, q)-forms on X are unobstructed and f t :
is an isomorphism for any t ∈ B. Furthermore, let
Proof. If X is a compact ∂∂-manifold, and π : (X , X) → (B, 0) be a deformation of X. (X, Ω p ) with σ 0 being ∂-closed, we need to find a formal power series solution of the following equation
, which (as in the proof Theorem 5.2) is reduced to the following system of equations (for simplicity, we only consider the one variable case) :
For k = 1, we need to solve∂
, by the ∂∂-lemma we can find a solution σ 1 = ∂τ 1 for some τ 1 ∈ A p−1,q (X). Now we assume (8.2) can be solved for k = 1, · · · , N and ∀1 ≤ k ≤ N, σ k = ∂τ k for some τ k ∈ A p−1,q (X), then we need to solvē
, by the ∂∂-lemma we can find a solution σ N +1 = ∂τ N +1 for some τ N +1 ∈ A p−1,q (X). This completes the induction. Hence we have construct a formal deformation
(X) with the additional property that each σ k is ∂-exact.
Now if X is a compact Kähler manifold, we will show that each class [σ 0 ] ∈ H p,q ∂ (X) is canonically unobstructed. Indeed, let π : (X , X) → (B, 0) the Kuranishi family of X with Beltrami differential φ(t). We assume that σ 0 is∂-harmonic, then it is also ∂-harmonic since △∂ = △ ∂ for Kähler manifolds. The same induction process can be done as above except that we choose the canonical solutions:
where we have used the fact that [∂,∂ * ] = [∂, G∂ ] = 0. We note that the σ(t) constructed this way satisfy (8.1) and∂ * σ(t) = 0. Therefore, [σ 0 ] is canonically unobstructed.
Since the deformations of (p, q)-forms on X are proved to be unobstructed, by Proposition 6.8 we have f t :
Next, note that by the above discussion if
We claim σ 0 = 0. Indeed, consider the following orthogonal decomposition
where we have used the fact that ker ∂ ∩ ker ∂ * ∩ ker∂ * = H p,q (X) which holds for Kähler manifolds. Hence we have σ 0 ∈ H p,q (X) ∩ Im∂ φ(t) . Because φ(0) = 0 and by the upper semi-continuity theorem of Kodaira-Spencer, we have
Remark 8.2. We note the following:
5 Again, we omit ∩A p,q (X) to simplify the notations. 6 In fact, let t ∈ B be fixed and consider the family of vector spaces H p,q φ(s) (X)∩Im∂ φ(t) . The upper semi-continuity theorem of Kodaira-Spencer can now be applied to the analytic family of operators φ(s) .
1. The holomorphic family of (p, q)-forms σ(t) on Kähler manifold X, when considered as (p, q)-forms on X × ∆ r , satisfies (∂ − L 1,0 φ(t) )σ(t)| X×B = 0, and , ∂σ(t)| X×B = 0, where ∆ r ⊂ H 0,1 (X, Θ) is a polydisc and B ⊂ ∆ r . This fact was used in an essential way by Clemens [Cle99, pp. 339]; 2. In order to make the induction process work, we must choose ∂-closed σ k . In fact, for ∂∂-manifold it is possible to choose possibly non-canonical 7 σ k such that ∂σ k = 0 and the series k σ k t k still converges, see [RZ17, Prop. 3.14].
Corollary 8.3. Let π : (X , X) → (B, 0) be the Kuranishi family of a compact Kähler manifold X, then for any t ∈ B, there exists a canonical isomorphism
is the extension isomorphism.
Deformations of vector forms on Calabi-Yau manifolds.
It is well-known that the deformations of Calabi-Yau manifolds is unobstructed [Tia87, Tod89, LRY15]. We will show that for Calabi-Yau manifolds, the deformations of vector forms are unobstructed. This is very similar to the proof of the BogomolovTian-Todorov theorem [Tod89, Tia87] . First, we collect some standard facts that will be useful, see [Pop13, Sec. 3 ] for a nice account. Let X be a Calabi-Yau manifold of dimension n and u ∈ H 0 (X, K X ) be a nontrivial holomorphic section of K X , then for each 0 ≤ q ≤ n there is a natural isomorphism
and we have the following commutative diagram:
i.e. T u∂ =∂T u . Moreover, if we choose the Hermitian metric on X to be the Ricci-flat Kähler metric [Yau78] , then we have
X -valued (0, q)-forms to∂ * -exact (n − 1, q)-forms. For Calabi-Yau manifolds, we will always use the Ricci-flat Kähler metric in what follows. Let ϕ ∈ A 0,1 (X, T 1,0 )
7 By this we mean∂ * σ k may not be zero.
and ψ ∈ A 0,q (X, T 1,0 ), then the Tian-Todorov lemma [LR11, LRY15, Tia87, Tod89] says the following: X ), we assume σ 0 is the unique∂-harmonic representative. We need to solve the following equation
which is reduced to the following system of equations (for simplicity, we only consider the one variable case) :
which by means of (8.4) is equivalent to solvē
where the last equality follows from (8.6) and the fact that both T u φ 1 ∈ A n−1,1 (X) and
, by the ∂∂-lemma we can find a solution T u σ 1 = ∂τ 1 for some τ 1 ∈ A n−2,q (X). We choose the canonical solution given by
Note that T u σ 1 is both ∂-exact and∂ * -exact. Now we assume (8.8) can be solved for k = 1, · · · , N and for each 1 ≤ k ≤ N, T u σ k is ∂-exact and∂ * -exact, then we need to solvē
8 Note that iϕu = Tuϕ and i ψ u = Tuψ.
where we have used (8.6) and the fact 9 that both T u φ k ∈ A n−1,1 (X) and T u σ k ∈ A n−1,q (X) are ∂-exact for each 1 ≤ k ≤ N . Again we have∂
, by the ∂∂-lemma we can find a canonical solution given by
We see that T u σ N +1 is also ∂-exact and∂ * -exact. Hence we get a canonical solution σ(t) = k σ k t k of (8.7) with the property that each T u σ k is ∂-exact and∂ * -exact for k = 0. Therefore, σ(t) = k σ k t k satisfȳ ∂ φ(t) σ(t) =∂ * σ(t) = 0. We see that the power series σ(t) = k σ k t k given by X ) is arbitrary, we have B ′ = B. Remark 8.6. Following Popovici, we call a compact ∂∂-manifold X a Calabi-Yau ∂∂-manifold if K X is trivial. Popovici [Pop13] have shown that the deformation of Calabi-Yau ∂∂-manifolds is unobstructed. It follows from Remark 8.2 that we can choose possibly non-canonical σ k such that ∂σ k = 0 and the series k σ k t k still converges.
9. Examples of obstructed deformations and the jumping phenomenon Nakamura [Nak75] classified three-dimensional complex solvable manifolds and computed the Dolbeault cohomology of their small deformations. These provides first examples of the jumping phenomenon of cohomology. In this section, we analyze these phenomena by using the results obtained in previous sections.
and write the canonical deformation of σ 0 ∈ H 0,q ∂ (X, E) by σ(t) = k σ k (t) with each σ k = σ k (t) being the homogeneous term of degree k in t ∈ B. We need to check that (9.1) k j=1 φ j |σ k−j = 0 ∈ H 0,q+1 ∂ (X, E), ∀ k > 0 .
Let us now consider the deformation of classes in
First, we compute
Set σ 0 = a 12 ϕ 1 ∧ ϕ 2 + a 23 ϕ 2 ∧ ϕ 3 + a 13 ϕ 1 ∧ ϕ 3 , then (9.2) t 21 a 23 + t 11 a 13 = 0 t 22 a 23 + t 12 a 13 = 0 .
has solutions for (a 23 , a 13 ), and in this case the canonical solution is given by
On the other hand,
and φ k = 0, k > 2 implies that σ k = 0, k > 2. Therefore, for V = H 0 (X, Ω 2 X ) we have (See Definition 6.6) V t = {a 12 ϕ 12 + a 23 ϕ 23 + a 13 ϕ 13 | (a 12 , a 23 , a 13 ) ∈ C 3 satisfy (9.2)} ⊆ H 0 (X, Ω 2 X ) where we denote ϕ i ∧ ϕ j by ϕ ij for short. Note that dim V t is determined by the rank of the matrix T = 0 t 21 t 11 0 t 22 t 12 .
Set h p,q (X t ) = dim H q (X t , Ω p Xt ) and write (i), (ii), (iii) for the three cases when (t 11 , t 12 , t 21 , t 22 ) = 0, (t 11 , t 12 , t 21 , t 22 ) = 0 and D(t) = 0, D(t) = 0, respectively. Then by Proposition 6.8 and Theorem 6.9 we have the following t ∈ B rank T h 2,0 (X t ) H 0 (X t , Ω and ker∂ * ∩ Im∂ φ(t) = C{∂ φ(t) ϕ 3 }. Therefore, for V = H 1 (X, Ω 1 X ), we have the following t ∈ B dim V t dim ker f t h 1,1 (X t ) (i) 6 0 6
(ii) and (iii) 6 1 5
Remark 9.3. Note that the Kuranishi family of Iwasawa manifold shows that the degenerations at E 1 of Fröhlicher spectral sequence is not a deformation closed property. In fact, let us restrict the Kuranishi family of Iwasawa manifold to the small disc defined by (t 12 , t 21 , t 31 , t 32 ) = 0 and t 22 = ε > 0. Recall that the Fröhlicher spectral sequence at E 1 if and only if the equality holds in the Fröhlicher inequalities [Dem12, pp. 322] . By the computations of Hodge numbers for the Kuranishi family of the Iwasawa manifolds [Nak75, Ang13] , we see that if t 11 = 0 (in class (ii)) the Fröhlicher spectral sequence on X t does not degenerate at E 1 and if t 11 = 0 (in class (iii)) the Fröhlicher spectral sequence on X t degenerate at E 1 .
Example 9.4. Case III-(3b). Let X = C 3 /Γ be the solvable manifold constructed by Nakamura in Example III-(3b) of [Nak75] . We have H 0 (X, Ω 1 X ) = C{ϕ 1 = dz 1 , ϕ 2 = e z 1 dz 2 , ϕ 3 = e −z 1 dz 3 } , H 0 (X, T 1,0 X ) = C{θ 1 = ∂ ∂z 1 , θ 2 = e −z 1 ∂ ∂z 2 , θ 3 = e z 1 ∂ ∂z 3 } , H 0,1 (X) = C{ψ1 = dz1, ψ2 = e z 1 dz2, ψ3 = e −z 1 dz3} , H 0,1 (X, T 1,0 X ) = C{θ i ψλ, i = 1, 2, 3, λ = 1, 2, 3} ,
The Beltrami differential of the Kuranishi family of X is φ(t) = φ 1 = t iλ θ i ψλ and the Kuranishi space of X is B = {t = (t 11 , t 12 , t 13 , t 21 , t 22 , t 23 , t 31 , t 32 , t 33 ) ∈ C 9 | |t iλ | < ǫ, i = 1, 2, 3, λ = 1, 2, 3}, where ǫ > 0 is sufficiently small. Let us now consider the deformation of classes in H 0 (X, Ω 1 X ) and set σ 0 = a 1 ϕ 1 + a 2 ϕ 2 + a 3 ϕ 3 , then has solutions for (a 1 , a 2 , a 3 ). On the other hand, φ k = 0, k > 1 implies that σ k = 0, k > 1. Therefore, for V = H 0 (X, Ω 1 X ) we have V t = {a 1 ϕ 1 + a 2 ϕ 2 + a 3 ϕ 3 | (a 1 , a 2 , a 3 ) ∈ C 3 satisfy (9.3)} and dim V t is determined by the rank of the coefficient matrix T of (9.3).
Hence we have the following
